Abstract: The impact on the nominal power pattern of random and not a-priori known errors affecting the excitation amplitudes of real linear arrays is analyzed by means of an analytic approach based on the interval analysis math. Starting from the expressions of the pattern bounds as a function of the excitation tolerances modeling the saturation in the amplifiers of the array feeding network, the effects on the radiation characteristics and the pattern descriptors are evaluated.
Introduction
The analysis of the tolerances on the power pattern generated by an array when manufacturing errors affect the excitation coefficients and/or the antenna control points is a problem of great interest in the antenna community. As a matter of fact, such a problem has been studied for decades [1, 2] and several different methods have been proposed still recently [3] . Moreover, the knowledge of the average radiation performances and the potential deviations from the corresponding mean values is of interest to predict the antenna behavior when used in real operating conditions. On the other hand, the availability of fast analytic techniques for pattern tolerance analysis enables the synthesis of robust and reliable antenna arrays avoiding and/or simplifying complex and time consuming trial-and-test calibration processes that, nowadays, are usually mandatory.
In the past, statistical approaches have been developed [4, 5] for dealing with the analysis of the array pattern tolerances. By considering random errors around the nominal excitations, the impact on the radiation characteristics has been studied as the superposition of an additional power pattern to the nominal/expected one. By virtue of their intrinsic statistical nature and the fact that a-priori assumptions are required on the error distributions, the arising tolerance estimations turn out being only probabilistically verified.
In [6] , an innovative method for the analytic and exact computation of the power pattern tolerance for errors on the array amplitude coefficients has been proposed. Based on the use of Interval Analysis (IA) [7, 8] and without a-priori hypotheses on the amplitude error distributions, the effects on the arising power pattern of the deviations of the array coefficients from the nominal ones are expressed through the rules of interval arithmetic [7, 8] .
In this paper, starting from the knowledge of the mid-point and width of each error interval on the excitation amplitudes, the behavior of the average power pattern radiated by a realistic array is evaluated by extending the preliminary analysis for ideal cases proposed in [9] and further assessing its effectiveness and reliability.
IA-based approach for pattern tolerance evaluation
Let us consider a N-element linear array radiating a reference/nominal power pattern PðuÞ, u 2 ½À1;1 being the directional cosine, by feeding the antenna elements with amplitude weights a n , n ¼ 0; . . . ; N À 1. Since the amplifiers are affected by unknown error tolerances, each n-th excitation can assume a value within the range
where
are the mid-point and the width of the n-th real amplitude interval ½a n ¼ ½a According to the IA-based approach in [6] , the average power pattern, mfPðuÞg, and the corresponding pattern tolerance width, wfPðuÞg, assume the following closed-form expressions 
and
where Â n ¼ kndu, k is the wave-number and d is the inter-element distance.
Starting from the expressions of mfPðuÞg and wfPðuÞg, the bounds of the power pattern interval ½PðuÞ ¼ ½P inf ðuÞ; P sup ðuÞ turn out to be P inf ðuÞ ¼ mfPðuÞg À 
where Ω identifies the main-lobe region, u 3 Real-array pattern tolerance prediction
To investigate the behavior of the pattern tolerance in real arrays by extending the analysis carried out in [6] and limited to ideal cases in [9] , let us consider the following benchmark examples. With reference to a linear array of N ¼ 21 elements uniformly-spaced by d ¼ =2, λ being the wavelength at the working frequency, let us assume control points generating amplitude excitations a n , n ¼ 0; . . . ; N À 1 in the range a inf n a n a sup n ( Fig. 1 ) depending on the nominal value. As it can be observed, an upper threshold for the excitations, a th n ¼ 1:0, has been set to model the saturation effect of real amplifiers. In the first example (Example 1), the nominal excitations have been chosen to generate a Dolph-Chebyshev sum pattern [2, 5] with sidelobe level 20 dB below the peak of the main beam (SLL ref ¼ À20 dB).
By considering the tolerance profile in Fig. 1 and the nominal excitations, a n , n ¼ 0; . . . ; N À 1, in Fig. 2 , the mid-points and widths of the excitation error intervals, ½a n , n ¼ 0; . . . ; N À 1, turn out as in Fig. 2 . It is interesting to notice the saturation of the upper bound a sup n of the elements n ¼ 3; . . . ; 17. The average function mfPðuÞg of the power pattern interval ½PðuÞ and its bounds, P inf ðuÞ and P sup ðuÞ, are shown in Fig. 3 .
As expected, the nominal beam, PðuÞ, as well as mfPðuÞg lay within the bounds of the power pattern interval [P inf ðuÞ mfPðuÞg P sup ðuÞ and P inf ðuÞ PðuÞ P sup ðuÞ]. The beam descriptors of the average power pattern, mfPðuÞg, the nominal one, PðuÞ, and the power pattern interval ½PðuÞ (i.e., Eqs. (9)- (14)) are given in Table I . As it can be noticed, the values of the descriptors of mfPðuÞg and PðuÞ are also contained within the interval descriptors of ½PðuÞ (Table I) . As for the average deviation from the nominal beam (i.e., mfPðuÞg vs. PðuÞ), it turns out that there is an increment of the SLL of about 3.97 dB, while the directivity has a variation of 0.15 dB (Table I) . In the second example (Example 2), the same antenna geometry is dealt with, but the values of the nominal excitations have been set to afford a Taylor sum pattern [2, 5] still with SLL ref ¼ À20 dB and n ¼ 3 (Fig. 4) . The values of the excitation amplitude mid-points and widths when considering the tolerance profile of Fig. 1 result as in Fig. 4 . Analogously to the first example, the upper bounds of the excitation amplitude intervals a sup n , n ¼ 0; . . . ; N À 1 saturate at the elements n ¼ 3; . . . ; 17. The plots of mfPðuÞg, PðuÞ, and the bounds of ½PðuÞ are shown in Fig. 5 , while the corresponding beam descriptors are reported in Table II .
By comparing the values in Table I and Table II , the pattern indexes turn out quite similar. However, the average power pattern of the Dolph-Chebyshev array has a sidelobe level (SLLðmfPðuÞgÞj DC ¼ À16:03 dB) lower than that of the Taylor array (SLLðmfPðuÞgÞj Taylor ¼ À15:74 dB). On the other hand, the directivity of the average beam of the Taylor pattern (DðmfPðuÞgÞj Taylor ¼ 13:17 dB) is slightly above that of the Dolph-Chebyshev one (DðmfPðuÞgÞj DC ¼ 13:14 dB). This is caused by the decreasing behavior of the secondary lobes of the nominal pattern (Fig. 5) . It is also worthwhile to point out that the beam pattern descriptors of mfPðuÞg and PðuÞ belong to the intervals of the descriptors of the pattern interval further confirming the validity of (9)-(14).
The last example (Example 3) is concerned with the analysis of the pattern tolerances when varying the dimension of the array, while generating the same nominal patterns of the previous examples. Towards this end, the number of array elements has been varied between N ¼ 10 up to N ¼ 100 elements. For each array configuration, starting from the distribution of the nominal amplitude coefficients, the corresponding amplitude errors have been determined according to the rules pictorially summarized in Fig. 1 . As it can be observed (Fig. 6) , the values of upper bound of the sidelobe level, SLL sup , turns out being almost equal between the Dolph-Chebyshev beam and the Taylor one. As for SLL inf , the Dolph-Chebyshev index rapidly decreases when enlarging the array, while the variations for the Taylor one are limited to few decibels whatever N. Unlike Fig. 6 , Fig. 7 shows that both half-power beamwidth bounds mainly depend on the array size and slightly from the pattern type.
Finally, Fig. 8 gives an indication on the dependence of the directivity bounds on the number of array elements. As expected [2] , the directivity of the nominal Taylor patterns is higher than that of the Dolph-Chebyshev ones, especially when dealing with large arrays. Moreover, the interval widths of [D] result narrower when using Taylor arrays.
Conclusion
Estimates of the pattern tolerances in realistic linear arrays presenting bounded errors in the amplitude excitations have been yielded by exploiting IA-derived analytic expressions. Starting from a realistic model of the amplitude tolerances, numerical bounds for the power patterns have been analyzed to give the array designer suitable indications on the arising performances thus avoiding timeexpensive trial-and-test numerical predictions.
